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In this paper, we explore dual solutions of MHD flow, heat and mass transfer of micropolar nanofluid over a linear
vertical shrinking surface with buoyancy effects, which was not considered in the previous works. The governing
fluid flow equations of this problem are transformed into nonlinear boundary value problems (BVPs) of ordinary
differential equations (ODEs) by applying similarity variables. The resultant BVPs are converted into initial value
problems (IVPs) by using shooting method which then resolved by employing Runge Kutta of order four. The
impacts of the governing parameters, such as suction parameter, material parameter, Richardson number, mag-
netic parameter, Prandtl number, thermophoresis and Brownian motion parameters on velocity, angular velocity,
temperature, and concentration are illustrated graphically. The results indicate that the existence of a range of
dual solutions and no-solutions. When Richardson number (δÞ is increased, the reduction of the velocity of
micropolar nanofluid has occurred in the second solution. The stability analysis on dual solutions, however, re-
veals that only the first solution is stable.1. Introduction
Eringen [2] was the primary researcher who presented a simple
concept of micropolar fluid and its characteristics. He expanded his
research and wrote an article, after two years, in which compressive
investigation of micropolar had been given (see [3]). At the end of the
twentieth, century, Lukaszewicz [4] composed a comprehensive book on
micropolar fluid and broke it down in details. Micropolar fluid is a polar
fluid which contains spherical or rigid randomly oriented particles. It can
be defined as a fluid with microstructures and belongs to the nonsym-
metric stress tensor. Some common instances of micropolar fluid are
liquid crystals, liquids of bubby, and animal blood [5]. Damseh et al. [6]
studied the effect of chemical reaction of micropolar fluid in presence of
heat generation on the stretching sheet and found that non-Newtonian
parameter effect was directly proportional to the skin friction coeffi-
cient. Electrical MHD flow of micropolar nanofluid was examined by
Chamkha et al. [7]. Meanwhile, Magyari et al. [8] considered micropolar
fluid and concluded that temperature decreased when heat absorption
parameter was increased. Hayat et al. [1] considered micropolar.
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evier Ltd. This is an open access ananofluid with thermal radiation effect using of Buongiorno model. The
recent development of micropolar nanofluid can be referred to the work
done by [9, 10, 11, 12, 13, 14]. One of the main objectives of this study is
to expand the work of Hayat et al. [1] and Haq et al. [10] for multiple
solutions of micropolar nanofluid without consideration of thermal ra-
diation effect on a vertical shrinking sheet.
Boundary layer flow of shrinking and stretching sheets have vast
applications in manufacturing process and engineering, particularly in
metallurgy and polymer industry [15]. Other applications of boundary
layer flow might be found in aerodynamics continuous glass casting,
metal extrusion, extrusion of plastic sheets, glass fiber production,
extraction of polymer, and sheet hot rolling of textiles. Crane [16] was
the pioneer who considered similarity solution for stretching surface and
found an exact analytic solution. He also investigated the thermal
approach to this problem [17]. Since then, the study of boundary layer
flow of shrinking sheet has gained popularity. Miklavcic and Wang [18]
had developed a model of viscous flow on a shrinking surface first time.
Their work has then been extended by numerous researchers [19, 20, 21,
22, 23].er 2019
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century and this trend will continue. Currently, it can be seen that re-
searchers, mathematicians, and scientists are trying to understand the
principles of fluid mechanics extensively in order to implicate them in
many different practical problems [24, 25, 26, 27]. Biomedical, aero-
nautical, mechanical, civil, andmarine engineers as well as geophysicists,
astrophysicist, meteorologists, space researchers, mathematicians,
physicists physical, and oceanographers had used this knowledge to
handle a huge number of complex flow phenomena. The last two and half
decades are also witnessing a great surge in the use convective fluids for
heat transfer such as minerals ethylene glycol, oil and water assume an
imperative part in numerous industry segments such as chemical pro-
duction, microelectronics, power generation, transportation, and
air-conditioning. Nanofluid is a new class of heat transfer fluid which
contains base fluid with nanoparticles of sized 1–100nm. Nanofluid has
high thermal conductivity as compared to base fluid [28]. Choi [29] was
the first who gave the concept of improvement of heat transport by
mixing solid particles of nanometer-sized in base water. These particles
are made of nonmetals (nanotubes, graphite, carbon), carbides (SiC),
chemically stable metals (Ag, Cu, Au, Al, Fe), oxides ceramics (SiO2,
CuO, Al2O3, TiO2), PCM, nitrides (SiN, AlN), layered (Cu þ C, Al þ
Al2O3), and functionalized nanoparticles [30]. There are only two
models that support transport phenomena. The first one is known as
Buongiorno model [31] which is a two-phase model and described as
velocity of flow is the sum of base fluid and the slip velocity. The second
one is called as Tiwari and Das's model [32] which is a single-phase
model and described as thermophysical properties as functions of
nanoparticle volume fraction. Turkyilmazoglu [33] used Buongiorno
model to examine the effect of thermophoresis effect on nanofluid.
Cu-water based nanofluid was considered by Chamkha et al. [34] and
they claimed that the entropy generation and Nusselt number were
decreased when the volume fraction was increased. Many other re-
searchers also considered these models in their studies [35, 36, 37].
Convection occurs when the heat is transferred through fluids
(gases or liquids). In this process, heat dependably exchanges from
a hotter spot to a cooler spot. The convective transfer of heat is
only depending on the nature of the flow. Convection has three
modes namely forced, natural (free) and mixed convection. Forced
convection can be defined as a mechanism or mode of heat trans-
port in which fluid motion is generated by an external source. Ex-
amples of forced convection are a fan, suction device and pump and
so forth. On the other hand, natural convection is a process where
heat is transferred by density variances in the fluid occurring
because of gradients of temperature. It happens because of the
temperature contrasts which affect the fluid density. It is not
created by external sources and also referred as free convection.
Due to important applications of natural convection in various fields
of engineering, many researchers considered it in their studies.
Bourantas et al. [38] considered micropolar nanofluid over an in-
clined plane with the bouncy effect. Micropolar nanofluid has been
examined by Bourantas and Loukopoulos [39] theoretically with the
effect of natural convection and found that the increase in nano-
particles micro-rotation caused the decline in the heat transfer rate.
Recently, many researchers likewise developed micropolar or New-
tonian models for natural convection of nanofluids [refer, 9, 40, 41,
42, 43, 44].
This study is an extension of work done by Hayat et al. [1] over
a vertical shrinking surface which was not considered in their
studies. In addition, we also extend it for MHD and multiple solu-
tions since Haq et al. [10] did not consider the MHD effects on
micropolar nanofluid. Therefore, the prime objective of this research
is to find all possible multiple solutions of MHD flow of micropolar
nanofluid under the described circumstances. We anticipate that
these findings will provide the fruitful help to enhance the devel-
opment of technology and science in the future.2
2. Materials & methods
Numerical study of micropolar nanofluid over a vertical linear
shrinking surface with the effect of magnetic has been investigated. All
assumptions of the problem can be seen in Fig. 1. The field velocities in
directions of x and y are denoted by u and v respectively. N;T and C
represent the microrotation, temperature and volume friction of nano-
particles within the boundary layer, respectively. Meanwhile, Tw in-
dicates the temperature of fluid and and Cw is the volume friction of
nanoparticles at the wall. In the case when both parameters are away
from the wall, they are represented by T∞ and C∞, respectively. It is
assumed that the uniform intensity of magnetic force is acted normally to
the plane of the surface. Along with all mentioned conditions, the gov-
erning equations of continuity, momentum, angular momentum, tem-
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where the velocity vector is V  ½uðx; yÞ; vðx; yÞ; 0, the microrotation
vector is N, the magnetic field strength is B  ½0;B0;0, the spin gradient
viscosity is γ, density of current is J  σ*ðV  BÞ, micro-rotation viscosity
coefficient is κ, the gravitational acceleration is g  ½0;g;0, micro-inertia
density is j, μf , p, ρp, ρf , k, DB, DT ðρcÞp, and ðρcÞf stand for base fluid
viscosity, pressure, the nanoparticle material densities, densities of base
fluid, the thermal conductivity, the coefficient of Brownian motion, the
thermophoretic diffusion coefficient, the effective heat capacity of the
nanoparticle material, and the effective heat capacity of the base fluid,
respectively.
Applying scale analysis, resulting boundary layer equations are ob-
tained:Fig. 1. Diagram of flow problem and coordinate system.
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subject to boundary conditions
v¼ v0; u¼  uwðxÞ;N¼ m ∂u∂y;T ¼Tw;C¼Cw at y¼ 0
u→ 0;N → 0; T → T∞;C → C∞ as y → ∞ (11)







; u¼ axf 'ðηÞ; v¼  ffiffiffiffiffiffiffiaϑfp f ðηÞ;N¼ ffiffiffiffia
ϑf
r
axgðηÞ; θðηÞ¼ ðT  T∞ÞðTw  T∞Þ;




Substituting Eq. (12) in Eqs. (6), (7), (8), (9), and (10), the equation of
continuity is contented automatically and the remaining Eqs. (7), (8), (9),
and (10) are assumed to be in the following forms










θ'' þ f θ' þNb∅'θ' þNtðθ'Þ2 ¼ 0 (15)1
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θ'' ¼ 0 (16)
with boundary conditions below
f ð0Þ¼ fw; f 'ð0Þ¼  1; gð0Þ¼ mf ''ð0Þ; θð0Þ¼ 1; ∅ ð0Þ¼ 1
f 'ðηÞ→ 0; gðηÞ→ 0; θðηÞ→ 0; ∅ ðηÞ→ 0asη → ∞ (17)
where K is the micropolar material parameter, M is the Hartmann
number, δ is the parameter of local mixed convection or Richardson
number which depends on the x independent variable. Therefore, the
problem can be considered as a local similar. It is worth to note that δ <
0; δ > 0 and δ ¼ 0 indicate a cooled surface, a hot surface and a forced
convection flow, respectively. Nr is the buoyancy ratio parameter, Pr and
Sc are the Prandtl and Schmidt numbers respectively, Nt and Nb are the
thermophoresis and Brownian diffusion parameters respectively. Suc-
tion/blowing parameter is fw, m is the micro-gyration parameter. The
















ρf∞βð1 C∞ÞðTw  T∞Þ
;Pr ¼ ϑf
αf
; Sc ¼ ϑf
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The physical quantities of interests are Skin friction coefficient Cf ,






























2 ¼  θ'ð0Þ; ShðRexÞ
1
2 ¼ ∅'ð0Þ
(20)[48], when m ¼ 0:5;M ¼ 0 and δ ¼ 0.
Fig. 3. Coefficient of Skin friction f ''ð0Þ versus the suction fw for varying material parameter K.
L.A. Lund et al. Heliyon 5 (2019) e02432where Rex ¼ ax2=ϑf is local Reynolds number.
3. Analysis
3.1. Stability analysis
In the case where multiple solutions exist in any boundary layer
problems, it is necessary to investigate which solution is a stable solution
(upper or first solution) and physically possible. Although only stable
solution has different applications in various field, unstable solutions also
should be considered from a mathematical point of view as it cannot be
seen experimentally. This is due to the fact that they are also part of the
same problem and fulfill all the requirements of the solution.
For the current problem, dual solutions in a range of different pa-
rameters were successfully found. In order to indicate an upper solution
from them, we need to consider the unsteady model of the problem,








































































where time is denoted by t. The following new similarity transformation


















































∂τ¼ 0 (27)suction fw for varying material parameter K.
Fig. 5. Local Nusselt number θ'ð0Þ versus the suction fw for varying material parameter K.





























∂τ ¼ 0 (29)
with the following boundary conditions
f ð0; τÞ¼ fw; ∂f ð0; τÞ∂η ¼  1; gð0; τÞ¼ m
∂2f ð0; τÞ
∂η2 ; θð0; τÞ¼ 1; ∅ ð0; τÞ¼ 1
∂f ðη; τÞ
∂η → 0; gðη; τÞ→ 0; θðη; τÞ→ 0; ∅ ðη; τÞ→ 0 as η → ∞: (30)
According to Lund et al. [21], Merkin [45], Lund et al. [46], and
Alarifi et al. [47], these functions/expressions f ðη;τÞ ¼ f0ðηÞþ eετFðηÞ,
gðη;τÞ ¼ g0ðηÞþ eετGðηÞ, θðη; τÞ ¼ θ0ðηÞ þ eετHðηÞ and∅ ðη; τÞ ¼∅0ðηÞþ
eετSðηÞ are substituted in Eqs. (26), (27), (28), and (29) along boundary
condition (30) where ε represents the eigenvalue and FðηÞ, GðηÞ, HðηÞ;
and SðηÞ are small relative to f0ðηÞ, g0ðηÞ, θ0ðηÞ and ∅0ðηÞ; respectively.
After simplification and by keeping τ ¼ 0, we will obtain
ð1þKÞF '''0 þ f0F ''0 þF0f ''0  2f '0F '0 þKG'0 MF '0 þ δðH0 NrS0Þþ εF '0 ¼ 0







G''0 þ f0G'0 þF0g'0  g0F '0  g0F '0  2KG0 KF ''0 þ εG0 ¼ 0 (32)
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Pr






H ''0 þ Sc:εS0 ¼ 0 (34)
with the boundary conditions
F0ð0Þ¼ 0;F '0ð0Þ¼ 0;G0ð0Þ¼ mF ''0ð0Þ;H0ð0Þ¼ 0; S0ð0Þ¼ 0
F '0ðηÞ→ 0;G0ðηÞ→ 0;H0ðηÞ→ 0; S0ðηÞ→ 0 as η → ∞: (35)
To solve the above linearized Eqs. (31), (32), (33), and (34) with
boundary conditions (35), BV4C solver function in MATLAB software
was employed. In order to find the values of the smallest eigenvalue ε, we
have to relax one boundary condition into initial condition as recom-
mended by Lund et al. [21, 46]. For this particular problem, we relaxed
the F0ðηÞ → 0 as η → ∞ into F ''0ð0Þ ¼ 1. It should be noted that the
negative smallest eigenvalues indicate the initial growth of disturbance,
henceforth solution of fluid flow develops instability. In contrast, if thesuction fw for varying material parameter K.
L.A. Lund et al. Heliyon 5 (2019) e02432values of the smallest eigenvalue are positive which means the flow of
fluid is stable and physically realizable.
4. Results and discussion
The above Eqs. (13), (14), (15), (16), and (17) are solved by
employing shooting method and Runge-Kutta of fourth order in Maple
software function i.e. shootlib function. For stability analysis, another
method called three-stage Lobatto three formula, which is based on finite
difference code, developed in BVP4C function in MATLAB software was
used. According to Lund et al. [21], “this collocation formula and the
collocation polynomial provides a C1 continuous solution that is
fourth-order accurate uniformly in [a,b]. Mesh selection and error con-
trol are based on the residual of the continuous solution”. The behavior of
central coefficient of the flow can be obtained with the computational
simulations of mathematical model.
The numerical analysis has been done for many values of different
dominant parameters. It must be noted that the range of thickness of
different boundary layer are ηmin∞ ¼ 8 and ηmax∞ ¼ 15 so that the thick-
ness of boundary layers of velocity, angular velocity, concentration and
temperature profiles will fulfil boundary conditions asymptotically. To
check the accuracy of our method, the results of f ''ð0Þ were compared
graphically to Bhattacharyya et al. [48] as displayed in Fig. 2 and found
in excellent agreements. This accuracy suggests that our methods and
their computer coding work properly. The results are demonstrated in
terms of coefficient of skin friction, coefficient of couple stress, heat and
mass transfer rates. In addition, velocity, angular velocity, temperature,
and nanoparticles volume fraction profiles are also examined numeri-
cally and graphically. It can be concluded from this analysis that there are
ranges of no and dual solutions depending on the values of mass suction
fw and micropolar parameter K as illustrated in Figs. 3, 4, 5, and 6. Fig. 3
was drawn to show the effect of suction on skin friction coefficient for
three different values of K. When K ¼ 0, there exists the range of no
(dual) solution when suction fw > 2:1785ð< 2:1785Þ. Dual solutions
exist for K ¼ 0:5and1, when the range of fw < 2:3479and2:5103
respectively. It is also noticed that high rate of suction is required for
non-Newtonian (Micropolar) fluid in order to maintain the flow as
compared to the Newtonian fluid. Coefficient of skin friction declines in
the first solution as suction increases due to the fact that the incrementsFig. 7. Effect of K on velocity profile.
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in material parameter produce the resistance as a result skin friction
decreases. On the other hand, the opposite trend can be seen in the
second solution. Fig. 4 reveals the influence of K on g 'ð0Þ. The behavior of
the couple stress coefficient in both solutions is the same as discussed
earlier in Fig. 3. Fig. 5 interprets the impact of material parameter on 
θ'ð0Þ. The enhancement in non-Newtonian parameter is caused by pro-
ducing a low heat transfer rate in both solutions, as expected. Practically
the negative heat transfer values indicate that heat flow from higher to
lower temperature since δ > 0. The effect of suction on the local Sher-
wood number is reported in Fig. 6.
As we know Sherwood number defines the flux rate of nanoparticle in
the fluid, concentration rate of nanoparticle reduces (increases) in the
first (second) solution when the material parameter is enhanced. The
effect of micropolar parameter K on velocity profile is captured in Fig. 7Fig. 8. Effect of δ on velocity profile.
Fig. 9. Effect of m on velocity profile.
Fig. 10. Effect of K on angular velocity profile.
Fig. 12. Effect of δ on temperature profile.
L.A. Lund et al. Heliyon 5 (2019) e02432where the fluid motion is directly proportional to the escalating values of
K in the first solution. On the other hand, opposite behavior of velocity of
fluid can be deducted in the second solution which means that the dy-
namic viscosity has a direct relation with material parameter. Fig. 8 was
sketched to see the impact of Richardson number on the velocity profile.
When δ is increased, the reduction of the velocity of micropolar nanofluid
occurs in the second solution. For the first solution, the buoyancy force
acts as a favorable pressure gradient. A stronger buoyancy force assists
the flow in the upward direction due to its effect on the increment on
momentum boundary layer. It is worth to mention that δ < 0 represents
the opposing flow regime, while δ > 0 indicates the assisting flow case.
The effect of a parameter of micro-gyrationm on the velocity of fluid flow
is shown in Fig. 9. The motion of fluid and thickness of the hydrodynamic
boundary layer reduce as m is expanding from 0 to 1 in the first solution.Fig. 11. Effect of m on angular velocity profile.
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On the other side, the dual behavior of velocity profile can be seen in the
second solution. Fig. 10 shows that the micropolar material parameter is
directly proportional to the angular velocity of fluid motion in both
solutions.
Fig. 11 depicts the effect of micro-gyration parameter m on angular
velocity distribution. Both solutions have a direct relation with micro-
gyration parameter m. It should be noted that the value m ¼ 0 in-
dicates that there is a strong concentration of micropolar particles. This
implies that the particles are unable to rotate when they are very close to
the shrinking surface. The weak concentration of particle is observed
when the value of m ¼ 0:5 in which the symmetrical part of the stress
tensor vanishes. On the other hand, when m ¼ 1, the particles are free to
rotate, and the angular velocity component is dominant on micro-
gyration parameter m which causes turbulent boundary layer flow.
Fig. 12 depicts the effect of Richardson number on temperatureFig. 13. Effect of Nt on temperature profile.
Fig. 14. Effect of Nb on temperature profile.
Fig. 16. Effect of Nr on concentration profile.
L.A. Lund et al. Heliyon 5 (2019) e02432distribution. It is found that the Richardson number δ has also some
direct effects on the momentum equation. There is a slight growth in the
thermal boundary layer in the first solution when δ is enhanced. Simi-
larly, the thickness of thermal boundary layer is proportional to δ in the
second solution. The effect of thermophoresis on the temperature profile
is shown in Fig. 13. The thickness of thermal boundary layer enhances
strictly in both solutions when Nt increases from 0.1 to 0.7. This is due to
the role of thermophoresis force whereby hot nanoparticles that are close
to the hot shrinking surface are being pushed to the cold fluid at the
ambient temperature. As a result, the thermal boundary layer becomes
thicker. The impact of Brownian motion parameter Nb on the tempera-
ture profile is revealed in Fig. 14. It can be seen that the thickness of the
thermal layer is directly proportional toNb in both solutions, as expected.
Physically, this is due to the fact that temperature boundary layer be-
comes thicker. As Nb increases the motion of nanoparticles also increaseFig. 15. Effect of Pr on temperature profile.
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and they move away from their original places. As a result, the thermal
layer enhances.
Fig. 15 shows the Prandtl number variation on temperature profile.
Temperature layer declines in both solutions as the values of Pr increase.
Prandtl number is the ratio of momentum diffusion to thermal diffusion
which can be expressed as a ratio of the kinematic viscosity of the fluid to
its thermal diffusivity. This means the higher Prandtl number, the lower
thermal conductivity will be. Consequently, this causes the reduction in
the thermal boundary layer thickness. The effect of Nr on concentration
distribution was drawn in Fig. 16. It appears that for a large value of Nr
the nanoparticle concentration profile rises in the first, but opposite trend
is noticed for the second solution. Fig. 17 is portrayed to analyze the
effect of thermophoresis on concentration distribution. The results of
nanoparticles concentration profiles reveal that distribution andFig. 17. Effect of Nt on concentration profile.
Fig. 18. Effect of Nb on concentration profile.
Table 1
Smallest eigen values for different values of K and m for δ.
K m δ ε1
1st solution 2nd solution
0 0 -0.2 0.35736 -1.15524
0.2 0.49821 -0.90825
0.5 -0.2 0.35724 -1.1345
0.2 0.50261 -0.93417
0.5 0.5 -0.2 1.02853 -1.42019
0.2 0.78992 -1.1542
1 0.2 1.3182 -1.62851
L.A. Lund et al. Heliyon 5 (2019) e02432thermophoresis parameter are directly proportional. Fig. 18 shows that
the nanoparticle concentration boundary layer thickness develops when
the Brownian motion strength increases in the both solutions. Fig. 19
highlights the influence of Sc on nanoparticles volume fraction profiles.
As Schmidt number steadily expands, the coefficient of Brownian diffu-
sion declines. This will eventually diminish the thickness of boundary
layer in both solutions.
To perform stability analysis of dual solutions, we solved Eqs. (31),
(32), (33), and (34) with boundary relaxed boundary conditions by using
the three-stage Lobatto IIIa formula in MATLAB software. It is noticed
that positive (negative) results of smallest eigenvalue show the stable
(unstable) solution, which is the first (second) solution. It should be
noted that only stable solution can be seen experimentally or used in any
practical applications. For the selected parameters, where the values ofFig. 19. Effect of Sc on concentration profile.
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parameters are M ¼ 0:5;Nr ¼ 0;Pr ¼ 1;Nb ¼ 0:3;Nt ¼ 0:5;andSc ¼ 1,
the smallest eigenvalues are founded and presented in Table 1.
5. Conclusion
Micropolar nanofluid over a vertical permeable shrinking surface is
investigated. Thermophoresis, Brownian motion, and magnetic parame-
ters effect have been included. The governing equations are converted to
a system of coupled nonlinear ODEs. ODEs are tackled numerically by
using shooting method. Following the main conclusion of the present
study are as follow:
1. Dual solutions occur for K ¼ 0; 0:5and1, when the range of fw <
2:1785; 2:3479and2:5103 respectively.
2. No solution exists when the shrinking surface is impermeable.
3. Only first (Upper) solution is stable and physically possible.
4. Dual solutions exist in both cases namely opposing and assisting flow
case.
5. The temperature rises in both solutions for the strong effect of
Brownian motion.
6. Thermophoresis and concentration parameters are directly propor-
tional to temperature and concentrations profiles.
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